Abstract. Let I be an open interval and X a complex Banach space. Let ε ≥ 0 and λ a non-zero complex number with Re λ = 0. If ϕ is a strongly differentiable map from I to X with ϕ (t) − λϕ(t) ≤ ε for all t ∈ I, then we show that the distance between ϕ and the set of all solutions to the differential equation y = λy is at most ε/|Re λ|.
Introduction
Let ϕ be a differentiable function from R to R, the real number field. Alsina and Ger [1] proved the following result: if a differentiable function ϕ : R → R satisfies |ϕ (t) − ϕ(t)| ≤ ε for all t ∈ R, then there exists a constant c such that |ϕ(t) − ce t | ≤ 3ε for all t ∈ R. That is, the distance between ϕ and the set of all solutions to the differential equation y = y is at most 3ε.
Let X = {0} be a complex Banach space, ε ≥ 0 and λ a non-zero complex number. Let I be an open interval of R. We say that HyersUlam stability holds for the differential equation y = λy on I, if there exists a constant k ≥ 0 with the following property: for every strongly differentiable map ϕ : I → X with ϕ (t) − λϕ(t) ≤ ε there corresponds an x ϕ ∈ X so that ϕ(t) − e λt x ϕ ≤ kε. Note that the general solution to the (X-valued) differential equation y = λy is of the form e λt x for some x ∈ X. We say that the constant k ≥ 0 with the property stated above is a Hyers-Ulam constant for the differential equation y = λy, or simply Hyers-Ulam constant.
In [2, 3] we considered some specific Banach spaces; the Banach space of all real-valued bounded continuous functions on a topological space; uniformly closed linear subspace of the Banach space of all complexvalued bounded continuous functions on a topological space. Then we proved the Hyers-Ulam stability for y = λy.
In this note we consider a strongly differentiable map from I to a general Banach space X. We study the Hyers-Ulam stability of the Xvalued differential equation y = λy on I. And the result is summarized as follows: if Re λ, the real part of λ, is not zero then the Hyers-Ulam stability holds; if Re λ = 0 then two cases occur: the Hyers-Ulam stability holds if the diameter δ(I) of I is finite and does not hold if δ(I) is infinite. 
Main results

Let us define for
for all t ∈ I. Proof. Let X * be the dual space of X. For each f ∈ X * we define the map ϕ f : I → C by
Fix f ∈ X * arbitrarily. Then we have (ϕ f ) (t) = f (ϕ (t)) for every t ∈ I. Also 
for all t ∈ I. Now suppose that x ∈ X is such that sup t∈I ϕ(t) − e λt x = c < ∞. If m(I, λ) = 0 then we have
(ii) Suppose Re λ = 0 and δ(I) < ∞. Then by the inequality (1) we have
for all s, t ∈ I. Since f is arbitrary and since Re λ = 0, it follows that
λs ϕ(s) ≤ εδ(I)
for all s, t ∈ I. Then e −λs ϕ(s) is an element with the property stated above for every s ∈ I.
(iii) Suppose that Re λ = 0 and δ(I) = ∞. We can find an element x 0 ∈ X with x 0 = 1. Put ϕ 0 (t) = ε te λt x 0 for each t ∈ I. Then ϕ 0 (t) − λϕ 0 (t) = ε |e λt | x 0 = ε for all t ∈ I. Assume that there exist a constant k ≥ 0 and an element y 0 ∈ X such that ϕ 0 (t) − e λt y 0 ≤ kε for all t ∈ I. Then ε tx 0 − y 0 = ϕ 0 (t) − e λt y 0 ≤ kε. Hence |t| ≤ k + y 0 /ε for all t ∈ I. This contradicts δ(I) = ∞. 
By Theorem 2.1, we can find a unique x ϕ ∈ X such that ϕ(t)−e λt x ϕ ≤ |Re λ| −1 ε for all t ∈ I. Then we have
|Re λ| for all t ∈ I. This implies x ϕ = 0. Since x ϕ is unique, it follows that |Re λ| −1 is no greater than any Hyers-Ulam stability constant.
Remark 2.2. Suppose that Re λ = 0 and m(I, λ) > 0. Then the uniqueness of x ϕ ∈ X with the property sup t∈I ϕ(t) − e λt x ϕ < ∞ need not be true. Indeed, let x 0 ∈ X. Put ϕ(t) = e λt x 0 for each t ∈ I. For every x ∈ X with
we have the following inequality.
Remark 2.3. By using the Bochner integral, we can give another simple proof of Theorem 2.1 with an explicit formula for x ϕ . Put ψ(t) = ϕ (t) − λϕ(t) for each t ∈ I. Then ψ(t) is locally Bochner integrable. In fact, firstly it is separably valued since so is ϕ (t) as a derivative of a continuous function, secondly it is weakly measurable, and lastly it is assumed to be bounded (see [5, pp. 130-133] ). Fix a ∈ I. Then we obtain the following equality for every t ∈ I, where the integral should be interpreted as a Bochner integral: This equality can be justified by reducing it to the following scalar equality by considering the composition with an arbitrary f ∈ X * : e −λt f (ϕ(t)) − e −λa f (ϕ(a)) = 
